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These approaches suffer from parametric misspecification and assume that the joint medi-
ation effect is the sum of the individual mediator’s effects

What we want to do?

– A flexible approach that does not suffer from parametric misspecification

– Estimate all possible interaction effects of the mediators instead of just the additive joint
mediation effect

Causal Effects and Identification

TE = E[Y (1,M(1, 1, · · · , 1))− Y (0,M(0, 0, · · · , 0))]
NDE = E[Y (1,M(0, 0, · · · , 0))− Y (0,M(0, 0, · · · , 0))]
JNIE = TE −NDE = E[Y (1,M(1, 1, · · · , 1))− Y (1,M(0, 0, · · · , 0))]
JNIE1 = E[Y (1,M(1, 1, 1))− Y (1,M(0, 1, 1))]

JNIE12 = E[Y (1,M(1, 1, 1))− Y (1,M(0, 0, 1))]

Causal Effects and Identification (Cont.)

Assumption 1 {Y (a,M(a, a, · · · , a)),M(0, 0, · · · , 0),M(1, 1, · · · , 1)} ⊥⊥ A|L = ℓ}.

Assumption 2 For exposure A = 1, the conditional distributions of the observable
potential outcome Y (1,M(1, 1, · · · , 1)) given values of all potential mediators (and
confounders), is the same as that of a priori counterfactual Y (1,M(0, 0, · · · , 0)), re-
gardless of whether the mediator values were induced by A = 1 or A = 0.

the above assumption implies that,

f1,M(0,0,··· ,0)(y |M(0, 0, · · · , 0) = m,L = ℓ)

= f1,M(1,1,··· ,1)(y |M(1, 1, · · · , 1) = m,L = ℓ).

Assumption 3 Mj1(a) ⊥⊥Mj2(a
′)|L for a ̸= a′ and j1, j2 = 1, 2, · · · , Q

Theorem 1 Under the above assumptions, the NDE, JNIE ( and its various decom-
positions) are identifiable.

BNP Model for the observed data

Yi|Mi, Xi; θi ∼ p(y|m,x; θi)
Miq|Xi;ωi ∼ p(mq|x;ωi) : q = 1, . . . , Q

Xi,r|ψi ∼ p(xr|ψi) : r = 1, . . . , p+ 1,

(θi, ωi, ψi)|P ∼ P, P ∼ EDP3 (αθ, αω, αψ, P0).

P ∼ EDP3 (αθ, αω, αψ, P0) means that Pθ ∼ DP (αθ, P0,θ), Pω|θ ∼ DP (αω, P0,ω|θ),
and Pψ|θ,ω ∼ DP (αψ, P0,ψ|θ,ω) with base measure P0 = P0,θ × P0,ω|θ × P0,ψ|θ,ω.
(Enriched Dirichlet Process).

These 
individuals will 
share same ϴ, 
say ϴj

Given ϴ = ϴj, these 
individuals will 
share same ω, say  
ω(L|j)

Given ϴ = ϴj  and ω = ω(L|j), 
these individuals will share 
same ψ, say  ψ(u|L,j)

• Assume (local / within cluster) generalized linear models for Yi|Mi, Xi; θi and Miq|Xi:
K(yi|mi, xi; θj) and K(mi|xi;ωl|j)

• Given ψi (that means a particular third level cluster), the (p + 1) covariates,
Xi,1, Xi,2, · · · , Xi,(p+1) are assumed to be “locally" (that is, intra-cluster) independent

• Similarly, given ωi ( that means a particular second level cluster) and conditional on the
covariates Xi, the Q mediators Mi1,Mi2, · · · ,MiQ are assumed to be “locally" independent

Question: What happens “globally" ?

BNP Model (Cont.)

• Joint distribution:

f(yi,mi, xi|P ) =
∞∑
j=1

πj K(yi|mi, xi; θj)

∞∑
l=1

πl|j K(mi|xi;ωl|j)
∞∑
u=1

πu|j,l K(xi|ψu|j,l).

where πj = π′
j

∏
j′<j(1 − π′

j′), πl|j = π′
l|j

∏
l′<l(1 − π′

l′|j) and πu|j,l =

π′
u|j,l

∏
u′<u(1 − π′

u′|j,l) with π′
j ∼ Beta(1, αθ), π′

l|j ∼ Beta(1, αω) and
π′
u|j,l ∼ Beta(1, αψ)

• Conditional distribution of Y given M and X:

f(y|m,x) =
∞∑
j=1

Wj(m,x) ·K(y|m,x; θj)

where,

Wj(m,x) =
πj

∑∞
l=1 πl|j K(m|x;ωl|j)

∑∞
u=1 πu|j,l K(x|ψu|j,l)∑∞

h=1 πh
∑∞
l=1 πl|h K(m|x;ωl|h)

∑∞
u=1 πu|h,l K(x|ψu|h,l)

.

• Conditional distribution of M given X:

f(m|x) =
∞∑
j=1

∞∑
l=1

Wj,l(x) ·K(m|x;ωl|j)

where,

Wj,l(x) =
πjπl|j

∑∞
u=1 πu|j,l K(x|ψu|j,l)∑∞

h=1

∑∞
g=1 πhπg|h

∑∞
u=1 πu|h,g K(x|ψu|h,g)

.

Thus, although the local regression models K(y|m,x; θj) and K(m|x;ωl|j) are gen-
eralized linear models, the global regression models f(y|m,x) and f(m|x) are com-
putationally tractable, flexible, non-linear, non-additive models.

Computation

MCMC: Data, priors on cluster-specific parameters → at each iteration, first update cluster
membership (Algorithm 8 of [?]) and then update the cluster-specific parameters → store them

Post-processing computation:

(a) Draw cluster and then draw the covariates

(b) Given the covariates from the previous step in (a), draw an m-subcluster and subsequently
draw the mediators in such a way that the qth mediator is induced under the treatment
status aq, for some fixed {a1, a2, · · · , aQ} ∈ {0, 1}

(c) Given the values from (a) and (b), compute E(Y |A = a, L = l,M = m, θ∗, ω∗, ψ∗, s)

(d) Repeat (a)-(c) T times and use MC Integration to compute E(Y (a,M(a1, a2, · · · , aQ)))


